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Force Method Revisited

Ramin Sedaghati¤

Concordia University, Montreal, Quebec H3G 1M8, Canada
and

Afzal Suleman†

University of Victoria, Victoria, British Columbia V8W 3P6, Canada

Computationalmechanics is an important � eld in engineering with a strong foundation in continuum mechanics
and � nite element analysis. The standard and integrated force methods are reviewed, and a structural analysis
technique using the � nite element force method based on the complementary strain energy is proposed. Similar to
the standard force and the integrated force methods, the force method based on the complementary strain energy
uses the same equilibrium equations. However, the compatibility conditions are satis� ed through the complemen-
tary strain energy. The Gauss elimination technique has been employed successfully to generate automatically a
basis determinate structure and redundant members. Extension of the force method to dynamics and benchmark
problems with displacement–stress and frequency constraints are presented.

I. Introduction

T HE conceptof equilibriumof forcesand compatibilityof defor-
mations is fundamental to analysis methods for solving prob-

lems in structural mechanics. The equilibriumequations need to be
augmentedby the compatibility conditionsbecause the equilibrium
equations are indeterminateby nature, and determinacy is achieved
by adding the compatibility conditions. Generally, two analytical
methods (displacementand force) are available to analyze determi-
nate and indeterminate structures.

Structural analysis and optimization algorithms developed in
recent years have generally been based on the displacement
method.1¡6 Commercial � nite element programs are based on the
displacement method, and very few investigations have been re-
ported in structural optimization using the � nite element force
method.7¡9 The displacementmethod is an ef� cient approach;how-
ever, for stress–displacement constraints, it loses its advantages for
size optimization when the number of stress constraints is larger
than the number of displacement constraints and for topology opti-
mization when the structural strengthis the primarydesign concern.
Additionally,when the structure is not highly redundant, that is, the
number of redundant elements is lower than the displacement de-
greesof freedom,analysis throughthe forcemethod is more ef� cient
than the displacementmethod.

In the standard (or classical) form of the force method (SFM), it
is very dif� cult to generate the compatibility conditions. Splitting
the given structure into a determinate basis structure and redundant
members generates the compatibility in the classical force method.
The compatibility conditions are written by establishing the con-
tinuity of deformations between redundant members and the basis
structure.10 Several schemeshavebeendevisedto generateautomat-
ically redundantmembers and the basis determinate structure,11¡13

however,with limited success. In the integratedforcemethod (IFM)
developed by Patnaik,14;15 Patnaik and Nagaraj,16 Vijayakumar
et al.,17 and Patnaik et al.,18 both equilibrium equations and com-
patibility conditions are solved simultaneously. The generation
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of compatibility equations is based on extending St. Venant’s the-
ory of elasticity strain formulation to discrete structural mechanics
and eliminatingthe displacementsin the deformation–displacement
relation.

In this paper, the general formulations of the standard force and
integrated force methods are reviewed. An alternative method to
generate directly the compatibility matrix in the integrated force
method is proposed. Next, the development of the formulation for
the force method based on the complementary strain energy is in-
troduced. The advantages and limitations of the three methods are
discussed,and a comparison of the force and displacementmethods
is carried out. Last, the applicationof the force method in frequency
and dynamic problems is studied.

II. Force Method Formulations
The force method of analysis is based on the equations of equi-

librium expressed in terms of the element forces. For particularand
simple structures, these equations are suf� cient to determine all of
the forcesand subsequentlythe element stressesand displacements.
Such structures are said to be statically determinate. However, for
general and complex structures, the number of element forces ex-
ceeds the number of available equations of equilibrium, and the
structure is said to be statically indeterminate (or redundant). For
such cases, the equations of equilibrium are insuf� cient to obtain
solutions for the element forces, and therefore,additionalequations
are required. These additional equations are in the form of compat-
ibility conditions on displacements.

A. SFM
The standard(classical)forcemethodis basicallybasedon thevir-

tual forcemethod.Accordingto this method,virtualcomplementary
work is obtainedbymultiplyingvirtualforcesby realdisplacements.
The principle of virtual complementary work states that

±W ¤ D ±5¤ (1)

where W ¤ and 5¤ are the complementarywork and complementary
strain energy, respectively.

Let us assume now that a virtual load ±P in the direction of
the displacement U is applied in a discrete or discretized structure
.n; m/, where structure denotes a type of structure (truss, frame,
plate, shell, or a combination)under the action of a system of forces
that induce internal element forces F and n and m are the force
degrees of freedom (FOF) and displacement degrees of freedom
(DOF), respectively.The virtual complementary work is then

±W ¤ D U±P (2)

957
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Fig. 1 Redundant 10-bar truss structure.

Now, because of the virtual force ±P , the virtual complementary
strain energy on the i th element is given by

±5¤.i/ D ±F .i/T
1.i/ (3)

and for the complete structure

±5¤ D ±FT ¢ (4)

where 1 is the deformation vector and

±F D

2

666664

±F .1/

±F .2/

:::

±F .i/

:::

3

777775
; ¢ D

2

666664

1.1/

1.2/

:::

1.i/

:::

3

777775
(5)

For linear elasticity, ±F in Eq. (5) can be expressed as

±F D

2

6666664

OF .1/

OF .2/

:::

OF .i/

:::

3

7777775
±P D OF±P (6)

where OF is the vector of element forces due to ±P D 1. Now, sub-
stituting Eq. (6) into Eq. (4) and subsequentlyEqs. (4) and (2) into
Eq. (1), we obtain

U ±P D OFT ¢±P or U D OFT ¢ (7)

The deformation vector ¢ may be related to the element forces
using the relation

¢ D GF (8)

whereG is the .n £ n/ � exibilitymatrix of the structure.Substituting
Eq. (8) into Eq. (7), we obtain

U D OFT GF (9)

Equation (9) represents the matrix form of the unit-load theorem10

for a single displacement U .
The unit-loadtheoremjust introducedhasbeenappliedto external

forces. However, it may be generalized to be applicable to internal
forces as well. In this case, the resulting displacements represent

internal relative displacements that must be equal to zero to satisfy
continuity of deformations (compatibility conditions). To illustrate
thispoint,considera two-dimensionalredundanttrussstructuresub-
ject to external loads P at nodes 2 and 4, as shown in Fig. 1. The
relative displacement ¢, on the individual elements due to P are
given by Eq. (8). Let us assume that a � ctitious cut is introduced
in the diagonal member 9 near joint 2. The force F9 (which existed
in the member before the cut was introduced) must be supplied by
some externalmeans to maintainequilibriumwith the external load-
ing. Note that this particular structure is redundant with degree of
redundancy r D n ¡ m D 10 ¡ 8 D 2. When introducing the cut in
the diagonal member 9, it is reduced to the degree of redundancy
r D n ¡ m D 9 ¡ 8 D 1.

If a unit load Pa is applied at the cut in the direction 3 ) 2 (from
node 3 to node 2), as shown in Fig. 1, the unit load theorem gives a
de� ection Ua , obtained using Eq. (9) as

Ub D OFT
b GF (10)

where OFa is the vector of statically equivalent element forces due to
Pa D 1. If, instead of Pa , a unit force Pb is applied in the direction
2 ) 3, again from Eq. (9) it follows that

Ub D OFT
b GF (11)

where OFb is the vector of statically equivalent element forces for
Pb D 1. To preserve the continuity of deformations at the point of
the cut, we must have

Ua D ¡Ub or Ua C Ub D 0 (12)

Substituting Eqs. (10) and (11) into Eq. (12), we may have

. OFa C OFb/T GF D 0 or OFT
C GF D 0 (13)

where OFC D OFa C OFb . The matrix OFC can be interpreted as an
internal-force system representing statically equivalent forces due
to a unit force applied across the � ctitious cut.

A number of cuts equal to the degree of redundancy can be in-
troduced until the structure is reduced to a statically determinate
system. For a structure with r D n ¡ m degree of redundancy,r cuts
are required. For each cut, according to Eq. (13), the following set
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of equations is obtained:

OFT
C1GF D 0

OFT
C2GF D 0

¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
OFT

Cr GF D 0 (14)

The preceding equations are r compatibility equations, and these
can be combined into a single matrix equation:

CGF D 0 (15)

where C D [ OFC1
OFC2 ¢ ¢ ¢ OFCr ]T is the .r £ n/ compatibility

matrix.
For derivation of the equilibrium equations, the components of

the element forces in the directionsof all of the DOF at the nodes of
the discrete or discretized structure are algebraically summed and
subsequentlyequatedto the correspondingcomponentsof the exter-
nally applied loads. The m equilibrium equations can be combined
into a single matrix equation as

QF D P (16)

where Q is the .m £ n/ equilibrium matrix whose coef� cients are
the direction cosines used in resolving the element forces F and P
is a vector of external forces applied in the direction of the DOF. If
the structure is statically determinate, that is, m D n and the rank of
the matrix Q D m, the element forces F can be calculated directly
from Eq. (16). For this special case,

F D Q¡1P (17)

For statically indeterminate structures, that is, m < n and the rank
of the matrix Q D m, the equations of equilibrium are not suf� cient
to determine the forces F . The required additional equations are
supplied by the r compatibility conditionsgiven by Eq. (15).

The element forces F may be partitioned symbolically into stat-
ically determinate forces Fd and redundant forces Fr , that is,

F D
µ

Fd

Fr

¶
(18)

Also, the equilibrium matrix Q may be consistently partitioned for
Fd and Fr as

Q D
£
Qd Qr

¤
(19)

Thus, one can rewrite the equilibrium equation (16) as

[Qd Qr ]

µ
Fd

Fr

¶
D P (20)

When Fd is solved for,

Fd D
£
Q¡1

d ¡Q¡1
d Q¡1

r

¤ µ
P

Fr

¶
(21)

Combining Fd from Eq. (21) and Fr , we obtain

F D
µ

Fd

Fr

¶
D

µ
Q¡1

d ¡Q¡1
d Qr

0 Ir

¶µ
P

Fr

¶
(22)

where Ir is the identity matrix of order r and

F D AdP C Ar Fr (23)

where

Ad D
µ

Q¡1
d

0

¶
; Ar D

µ
¡Q¡1

d Qr

I

¶
(24)

Substituting Eq. (23) in the compatibility equation (15), we obtain

CGAd P C CGAr Fr D 0 (25)

From Eq. (25), the redundant forces Fr are derived from the follow-
ing equations:

.CGAr /Fr D ¡.CGAd P/ (26)

The determinate forces Fd are obtained from Eq. (21). Note that the
matrices Q; C, and G are banded and have full-row ranks of m, r ,
and n, respectively.The matrices Q and C depend on the geometry
of the structureand are independentof design variablesand material
properties. For a � nite element idealization, the generation of the
equilibriummatrix Q and the � exibilitymatrix G is straightforward,
and its application is found in Refs. 1–4. However, the automatic
generation of the compatibilitymatrix C is a laborious and dif� cult
task using the SFM.

Note that the primary variables in the SFM are the redundant
forces. A limitation of this method is the dif� culty in automatic se-
lection of the consistent redundant elements. Another limitation is
the explicit generation of compatibility matrix C. In summary, the
automatic generation of the compatibility matrix C is cumbersome
and dif� cult in the SFM because it is the redundant members that
need to be cut and the unit-loadtheoremneeds to be written for each
cut.

B. IFM
In the IFM, the m equilibriumequationsin Eq. (16) and ther com-

patibility conditions in Eq. (15) are coupled to yield the integrated
force formulation, expressed jointly as

"
Q

¢ ¢ ¢ ¢ ¢ ¢
CG

#
F D

"
P

¢ ¢ ¢
0

#
or SF D P¤ (27)

where

S D

"
Q

¢ ¢ ¢ ¢ ¢ ¢
CG

#

; P¤ D

"
P
¢ ¢ ¢
0

#

The .n £ n/ matrix S is banded and has full-row rank of n. In the
IFM, the primary variables are the forces in the elements. Eliminat-
ing the displacements from the strain–displacement relationships
without any recourse to the redundantmembers and the basis deter-
minate structure generates the compatibility conditions. Following
St. Venant’s procedure, the compatibility conditions in the IFM are
generated by eliminating the displacements from the deformation-
displacement relationshipof the structure. (In discrete analysis, de-
formations are analogous to strains.) In the IFM, the selection of
redundant forces and basis determinate structure is not necessary;
however, the automatic generation of compatibility equation is not
straightforward.

1. Generation of the Compatibility Equations in the IFM
The compatibilitymatrix C is obtainedby extendingSt. Venant’s

principle of elasticity strain formulation (see Ref. 18) to dis-
crete structural mechanics.19 This procedure is illustrated by tak-
ing the plane stress elasticity problem as an example. The strain–
displacement relations are

"x
@u x

@x
; "y D

@u y

@y
; °x y D

@u y

@x
C

@u x

@y
(28)

In Eq. (28), three strains"x ; "y , and °xy are expressedas functionsof
two displacementsu x and u y . The compatibilityconstrainton strains
is obtained by eliminating the two displacements from the three
relations in Eq. (28), resulting in the single compatibilitycondition:

@2"x

@y2
C

@2"y

@x2
¡

@2°x y

@x@y
D 0 (29)
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The two-step St. Venant’s procedureused to generate compatibility
conditions establishes the strain–displacement relations and sub-
sequently eliminates displacements from the strain–displacement
relations to obtain the compatibility conditions.

The equivalent relations of strain–displacement relations in the
mechanics of discrete structures are the deformation–displacement
relations. Deformations ¢ of the discrete analysis are analo-
gous to strain " of the elasticity analysis. Thus, the deformation–
displacement relations can be obtained using the following energy
argument. The equality, relating internal strain energy and external
work for a discrete structure .n, m/, can be written in the form

1
2 FT ¢ D 1

2 PU (30)

where U is the nodal displacements vector. Equation (30) can be
rewritten by eliminating the applied loads vector P in lieu of the
element forcevectorF using the equilibriumequation(16), to obtain
the following relationship:

1
2 FT QT U D 1

2 FT ¢ or 1
2 FT .QT U ¡ ¢/ D 0 (31)

Because the force vector F is not a null space, we obtain the fol-
lowing relation between member deformations and nodal displace-
ments:

¢ D QT U (32)

The expression given by Eq. (32) is the general deformation–
displacementrelationapplicable to the � nite element models whose
equilibrium equations are given by Eq. (16). In the deformation–
displacements relation, n deformations are expressed in terms of
m displacements. Thus, there are r D n ¡ m constraints on defor-
mations that represent the compatibility conditions of the structure
.n; m/. The r compatibilityconditions,which are obtainedby elimi-
natingm displacementsfromn deformation–displacementrelations,
can be expressed in matrix form as

C¢ D 0 or CGF D 0 (33)

Equation (33) is exactly Eq. (15). The procedure is independent
of the redundant members and the basis determinate structure. The
indirect generation of the .r £ n/ banded compatibility matrix C
through selection of independent rows is amenable to computer
automation and has been documented in Ref. 20.

In this study, a technique has been proposed to generate di-
rectly the compatibilitymatrix C in the IFM using the deformation–
displacement relations (32) and the singular value decomposition
(SVD) method. This enhancement to the IFM method is presented
next.

2. Alternative Method to Generate Directly the Compatibility Matrix
in the IFM

Expressing displacements in terms of deformations using
Eq. (32), we obtain

U D .QQT /¡1Q¢ D .QT /pinv¢ (34)

The matrix .QT /pinv is the Moore–Penrose pseudoinverse of QT .
SubstitutingdisplacementsU from Eq. (34) into Eq. (32),we obtain

¢ D QT .QT /pinv¢ ) [I ¡ QT .QT /pinv]¢ D 0 (35)

or

A¢ D 0 (36)

where

A D
£
In ¡ QT .QT /pinv

¤
(37)

The .n £ n/ matrix A is of rank r . Note that r < n. This means
that some of the rows of matrix A are dependent on each other. To
extract the .r £ n/ compatibilitymatrix C from the matrix A, that is,

to reduce the matrix A to matrix C, the SVD method is employed.
A basic theory of the SVD method can be found in Ref. 21.

Applying SVD to A, we obtain

A D AuA¾ AT
v (38)

where Au and Av are .n £ n/ orthogonalmatrices and

A¾ D
µ

¤ 0

0 0

¶

n £ n

(39)

with ¤ D diagf31 32 ¢ ¢ ¢ 3r g and 31 ¸ 32 ¸ ¢ ¢ ¢ ¸ 3r > 0. It fol-
lows that

A D Au

µ
C

0

¶
(40)

Subsequently,the .r £ n/ compatibilitymatrix C can be represented
as

C D ¤[Av1 Av2 ¢ ¢ ¢ Avi ¢ ¢ ¢ Avr ]
T (41)

where Avi is the i th column of matrix Av . The compatibility ma-
trix introduced in Eq. (41) may not be banded. This does not raise
any problem for relatively small-size problems; however, it may be
numerically expensive for very large-size problems.

The direct generation of the compatibility matrix proposed and
developed here to enhance the IFM method has been implemented
successfully for analysis of truss- and beam-type structures.

3. Direct Displacement–Force Relations
Although Eq. (32) is suf� cient to obtain the element deforma-

tions using nodal displacements, it is not suf� cient to obtain nodal
displacementsusing element deformationsor forces because redun-
dant structures are representedby rectangularequilibriummatrix Q
with no inverse.This implies that the compatibilityequationsshould
be merged with the equilibrium equations. For this reason, using S
instead of Q in Eq. (32) and solving for nodal displacements U, we
obtain

U D J¢ or U D JGF (42)

where

J D m rows of S¡T (43)

C. Force Method Based on the Complementary Strain Energy
The main contribution of this study has been to develop a

new force methodology based on the complementary strain en-
ergy (FMCE). The m equilibriumequationsare satis� ed, and subse-
quently the complementary strain energy is minimized with respect
to the r redundant forces to satisfy the r compatibility equations.
Similar to the SFM, it is required to identify the redundant ele-
ments and the basis determinate elements. However, the generation
of the compatibilitymatrix C is circumvented,making the proposed
method more amenable to automation. Consider Eq. (20),

Qr Fr C Qd Fd D P (44)

solving for Fd , we obtain

Fd D H1 ¡ H2Fr (45)

where

H1 D Q¡1
d P; H2 D Q¡1

d Qr (46)

The � exibility matrix G may be consistently partitioned for Fd and
Fr as

G D
µ

Gd 0

0 Gr

¶
(47)
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where Gd andGr are .m £ m/ and .r £ r/ � exibilitymatrices related
to the basis determinatestructureand the redundantelements.Thus,
the complementary strain energy can be expressed as

5¤ D 1
2 FT ¢ or 5¤ D 1

2 FT GF (48)

Substituting Eq. (18) and Eq. (47) into Eq. (48), we obtain

5¤ D 1
2 FT

d Gd Fd C 1
2 FT

r Gr Fr (49)

Substituting Eq. (45) into Eq. (49), we obtain

5¤ D 1
2 .H1 ¡ H2Fr /

T Gd .H1 ¡ H2Fr / C 1
2 FT

r Gr Fr )

5¤ D 1
2
FT

r Gr Fr C 1
2
FT

r

¡
HT

2 Gd H2

¢
Fr ¡ 1

2
FT

r

¡
HT

2 GdH1

¢

¡ 1
2

¡
HT

1 Gd H2

¢
Fr C 1

2 HT
1 GdH1 (50)

The matrix Gd is symmetric, FT
r .HT

2 GdH1/ D .HT
1 Gd H2/Fr , and

thus Eq. (50) can be expressed as

5¤ D 1
2 FT

r Gr Fr C 1
2 FT

r

¡
HT

2 GdH2

¢
Fr ¡FT

r

¡
HT

2 Gd H1

¢
C 1

2 HT
1 Gd H1

(51)

Minimization of Eq. (51) with respect to redundant forces Fr gives
the r compatibility equations:

@5¤

@Fr
D 0 )

¡
HT

2 GdH2 C Gr

¢
Fr D HT

2 GdH1 (52)

Here, the r redundant forces are obtained and subsequently the m
basis determinate forces are determined from Eq. (45). Note that
the proposed technique presents a marked advantageover the other
force methods because it does not require the explicit generationof
the compatibility matrix C.

The selection of the redundant members is not unique, and there
are multiple combinations of matrices Qd and Qr for an indeter-
minate structure. For example, a simple structure with m D 5 and
n D 20 can have a maximum of 15,504 probable combinations of
Qd and Qr . Redundant forces should be selected so that the remain-
ing determinate structure is not a mechanism. In other words, the
selection of the consistent set of redundant members and basis de-
terminate structure is such that the rank of the matrix Qd is equal
to m. The violation of this condition makes the matrix Qd singular.
Here, a robust technique based on the Gauss elimination technique
is applied to identify automatically the consistent set of redundant
members and basis determinate structure. The technique was in-
troduced by Robinson11 for identifyingdependent and independent
equations among a system of static equations including external,
joint, and element equilibrium equations. Here this technique has
been modi� ed and applied to redundant structures to identify the
consistent set of redundant members and basis determinate struc-
ture. The proposed technique is outlined as follows:

1) Augment the equilibrium matrix Q with the external load P
as [Q P].

2) Select one of the nonzero elements in the � rst row of the aug-
mented matrix, and divide all elements in this row by this number.

3) Multiply the � rst row by the coef� cient of the corresponding
element in the second row (if it is not zero) and subtract from the
second row.

4) Continue this procedure for each of the remaining rows.
5) The column corresponding to that element has now a one in

the � rst row and zeros in all other rows.
6) Repeat the same process from steps 2–4, in turn for the re-

maining rows until either all of the rows are exhausted or all of the
remaining rows have all zeros as elements.

7) All of the m unit columns are independent, and they corre-
spond to the basis determinate structure. The remaining columns
correspond to the consistent redundant members.

8) The consistent redundant members selected are not unique
because the redundancy is dependent on the order in which the
equationsare generatedand by the selectionof the nonzeroelement

in eachrow when applyingthe Gaussianeliminationprocedure.This
point is illustrated next.

To illustrate the concept, consider a 10-bar truss structure shown
in Fig. 1. This structurehas r D n ¡ m D 10 ¡ 8 D 2 redundantmem-
bers. It is required to identify the redundant members and to elimi-
nate them so that the basis determinate structure is stable. (The rank
of the basismatrix is m.) The equilibriummatrix Q for this structure
is

Q D
2

6666666666664

0 1 0 0 0 0 0 0 0
p

2=2

0 0 0 0 0 1 0 0 0
p

2=2

0 0 0 1 0 0 0 0
p

2=2 0

0 0 0 0 0 ¡1 0 0 ¡
p

2=2 0

1 ¡1 0 0 0 0 0
p

2=2 ¡
p

2=2 0

0 0 0 0 1 0 0
p

2=2
p

2=2 0

0 0 1 ¡1 0 0
p

2=2 0 0 ¡
p

2=2

0 0 0 0 ¡1 0 ¡
p

2=2 0 0 ¡
p

2=2

3

7777777777775

(53)

Now, select the maximum nonzero element in each row. At the end
of the Gauss elimination procedure, the matrix Q is transformed
into

Q D

2

666666666664

0
p

2 0 0 0 0 0 0 0 1

0 ¡1 0 0 0 1 0 0 0 0

0
p

2 0 0 0 0 0 0 1 0

0 ¡1 0 1 0 0 0 0 0 0
p

2 0 0 0 1 0 0 1 0 0

¡1 ¡1 0 0 1 0 0 0 0 0
p

2 0 0 0 0 0 1 0 0 0

¡1 0 1 0 0 0 1 0 0 0

3

777777777775

(54)

Here, columns 1 and 2 corresponding to elements 1 and 2, respec-
tively, represent the consistent redundant members. Columns 3–10
corresponding to elements 3–10 represent the consistent determi-
nate basis structure. Because columns 3–10 are independent, the
rank of the determinatebasis structure is m D 8. Now, select the � rst
nonzero element in each row. At the end of the Gauss elimination,
the matrix Q is transformed into

Q D

2

6666666666664

0 1 0 0 0 0 0 0 0
p

2=2

0 0 0 0 0 1 0 0 0
p

2=2

0 0 0 1 0 0 0 0 0
p

2=2

0 0 0 0 0 0 0 0 1 ¡1

1 0 0 0 0 0 0
p

2=2 0 0

0 0 0 0 1 0 0
p

2=2 0
p

2=2

0 0 1 0 0 0 0
p

2=2 0 0

0 0 0 0 0 0 1 ¡1 0 0

3

7777777777775

(55)

Here, columns8 and 10 correspondingto elements 8 and 10, respec-
tively, represent the consistent redundant members. Columns 1, 2,
3, 4, 5, 6, 7, and 9 corresponding to the elements 1, 2, 3, 4, 5, 6, 7,
and 9 represent the consistent determinate basis structure. Observe
that columns 1, 2, 3, 4, 5, 6, 7, and 9 are independent.Thus, the rank
of the determinate basis structure is m D 8 again.

In summary, it is possible to identify the consistent redundant el-
ements and basis determinate structure using the Gauss elimination
procedure.This method is easily implementedcomputationally.The
consistent redundantmembers are not unique and depend on which
nonzero element is selected in each row.
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Table 1 Advantages and limitations of FMs

Advantages Limitations

SFM

Need r equations to be solved instead Primary variables are redundant members ) consistent
of the m equations in the displacement method. set of redundant members need to be selected.

Generation of compatibility matrix needs cutting
the redundant members ) dif� cult to automate.

IFM

No need to select redundant members. Generation of compatibility matrix.
Compatibility matrix can be obtained Need n equations to be solved simultaneously in comparison

automatically and directly. to the m equations in the displacement method.

FMCE

No need to generate compatibility matrix. Selection of the consistent redundant members
and determinate basis structure.

Can be automated easily by Gaussian
elimination procedure.

Need r equations to be solved simultaneously.

D. Comparison of the Force Methods
The merits and limitations of the force methods presented and

discussed are identi� ed in Table 1.

III. Comparison Between the Force
and Displacement Methods

In the displacement method, the compatibility equations are im-
plicitly satis� ed when the nodal equilibrium equations are written.
The governing equation in the displacement method (load–nodal
displacementrelations)may bederivedusing the forcemethodgiven
by Eqs. (8), (16), and (32) promptly, but the reverse is not true.18

Substituting deformation ¢ from Eq. (32) into Eq. (8) and solving
for the element forces, we obtain

F D G¡1QT U (56)

Now substitute Eq. (56) into the equilibrium equation (16):

.QG¡1QT /U D P ) KU D P (57)

where

K D QG¡1QT (58)

Here, the matrix K is the stiffness matrix used in the displacement
method. Note that because the equilibrium and the compatibility
equations are satis� ed explicitly in the force method, it is not possi-
ble to derive the governing equation in the force method [Eq. (16)]
from Eq. (57), con� rming the noncommutative property of the two
formulations.

In the force method, the element forces F are calculated directly
from the loads. On the other hand, in the displacementmethod, one
has to calculate the nodal displacements U from the loads using
the load–displacement relation (57). In practical design and opti-
mization problems, it is required to obtain element forces in all
elements, and fewer nodal displacements may be necessary. To il-
lustrate this, consider structural optimization problems, in general.
Here, the number of stress constraints is usually greater than the
number of displacement constraints. The computation time is con-
siderably reduced using force method. This is attributed to the fol-
lowing factors.

The displacementmethod requiresa seriesof transformationsand
back substitutions(from local to global system to generatedisplace-
ments and then from global to local system to calculate the forces).
In the force methods, these transformationsare not required.

In the displacement method, m equations are solved simultane-
ously, whereas only r equations are solved using the force method.

In the force method, the equilibriummatrix Q for the general de-
terminate structure,after some rearrangementof rows and columns,
can be representedas a triangularmatrix. The stiffnessmatrix in the
displacement method is not a triangular matrix for the determinate

structure. The triangular system of equations requires insigni� cant
computation, and it can be solved even manually irrespectiveof the
size or complexity of the problem. This feature of the force method
made it the popular analysis method in the precomputer era.

In the force method, the coef� cients of the equilibrium matrix
Q and the compatibility matrix are dimensionless numbers, which
makes them numerically stable. On the other hand, the coef� cients
of the stiffness matrix in the displacement method have the dimen-
sions of force per unit length. Because the coef� cients depend on
material properties and design parameters, an ill-conditioned stiff-
ness matrix can result with a numerically unfavorable combination
of these properties.18

IV. Extension of the Force Method to Dynamics
The force method can be extended to analyze dynamic

problems.22;23 In the displacement method, the basic equation in
dynamics problems in the absence of damping is

M RU C KU D P (59)

where M is the mass matrix of system. When Eq. (42) is used and
it is noted that KU in the displacement method is equivalent to SF
in the force method, Eq. (59) may be written as

M¤ RF C SF D P¤ (60)

where

M¤ D

"
MJG
¢ ¢ ¢
0

#
(61)

Equation (60) represents the dynamic problems in the framework of
the force formulation. In forced vibrationproblems,P¤ is a function
of time. There are a few time-integration techniques in the litera-
ture for solving Eq. (60). One of the most powerful techniques is
the Newmark direct integration method,24 which is based on the
modi� ed average accelerationmethod. It is assumed that the initial
values of force vectorF and the vector PF at time t D 0 is known.The
vector RF at t D 0 is obtained from Eq. (60). When a time increment
1t is considered, the predictor parameters

_

Fn C 1 and P_Fn C 1 at time
.n C 1/1t in terms of the known vectors at time n1t are computed
as

_

Fn C 1 D Fn C 1t PFn C 0:51t 2.1 ¡ 2¯/ RFn

P_Fn C 1 D PFn C 1t .1 ¡ ° / RFn (62)

Now, the vector RF at time .n C 1/1t , that is, RFn C 1 , is obtained from
the following equation:

.M¤ C ¯1t 2S/ RFn C 1 D P¤
n C 1 ¡ S

_

Fn C 1 (63)
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When RFn C 1 is known, the force vector F and the vector PF at time
.n C 1/1t are obtained from the following relations:

Fn C 1 D _

Fn C 1 C ¯1t2 RFn C 1; PFn C 1 D P_Fn C 1 C ° 1t RFn C 1 (64)

Constants ¯ and ° in the preceding equations are the accuracy and
stabilityparameters in the Newmark method.The Newmark method
is unconditionallystable if 0:5 · ° · 2¯ . Note that Eqs. (62–64) are
Newmark formulations in the force format.

In free vibration, it is assumed that element forces are harmonics
in time [F D NF sin.!t/], where ! and NF are frequency and force
mode shape, respectively.Consider Eq. (60),

S NF ¡ !2M¤ NF D 0 (65)

To overcome some computational dif� culties during the analysis,
the .n £ n/ systemof Eqs. (65) can be reducedto an .m £ m/ system
by taking advantage of the null matrices. To obtain these matrices,
the matrices in Eq. (65) are partitioned as the redundant and basis
determinate structure as

µ
Sdd Sdr

Srd Srr

¶ µ NFd

NFr

¶
¡ !2

" QMr
QMd

¢ ¢ ¢ ¢ ¢ ¢
0

# µ NFd

NFr

¶
D 0 (66)

Sdd
NFd C Sdr

NFr ¡ !2. QMd
NFd C QMr

NFr / D 0 (67a)

or

Srd
NFd C Srr

NFr D 0 (67b)

Eliminating Fr from the .n £ n/ system of Eqs. (67) results in the
reduced .m £ m/ subsystem:

¡
Sdd ¡ Sdr S¡1

rr Srd

¢
NFd ¡ !2

¡
QMd ¡ QMr S¡1

rr Srd

¢
NFd D 0 (68)

NFr D S¡1
rr Srd

NFd (69)

Selection of consistent redundantmembers ensures the existenceof
the inverse of S22 .

The solution of the reduced eigenvalue problem expressed by
Eq. (68) gives all of the eigenvalues,whereasboth Eqs. (68) and (69)
are used to calculate the force eigenvectors. Once the force mode
shapes are known, the displacement mode shapes can be generated
by using Eq. (42).

Table 2 Final design for the cross-sectional areas for various frequency constraints

DM, cm2 FM, cm2

!1 D 7 !1 D 7
!2 ¸ 15 !2 ¸ 15

Element !1 D 14 !2 D 25 !3 ¸ 20 !1 D 14 !2 D 25 !3 ¸ 20

1 219.909 48.166 38.619 219.903 48.123 38.245
2 47.916 35.852 18.239 47.916 35.832 9.916
3 219.909 48.194 38.252 219.903 48.200 38.619
4 47.916 35.852 9.910 47.916 35.884 18.232
5 0.645 14.800 4.419 0.645 14.826 4.419
6 0.645 7.632 4.200 0.645 7.632 4.194
7 123.626 41.135 24.110 123.626 41.103 20.097
8 123.626 41.142 20.084 123.626 41.181 24.097
9 54.677 13.200 11.452 54.677 13.200 13.890
10 54.677 13.194 13.897 54.677 13.187 11.4516
Mass, kg 2637.85 871.92 537.01 2637.85 871.92 537.01
Number of AC 3 1 2 3 1 2

A. Ten-Bar Planar Truss
In this example, the weight of a 10-bar planar truss shown in

the Fig. 1 has been been minimized under multiple frequency con-
straints. The objective is to show the ef� ciency and accuracy of the
forcemethodin comparisonto thedisplacementmethod in structural
optimization problems. The element cross-sectionalareas are con-
sidered as design variables.The material is aluminum with Young’s
modulus E D 107 psi (6.89£ 1010 Pa) and density ½ D 0:1 lbm/in.3

(2770 kg/m3/. The minimum area for all elements was set at 0.1 in.2

(0.645 cm2/ and L D 360 in (914.4 cm). At each of the four free
nodes, a nonstructural lumped mass of 1000 lbm (2.588 lb ¢ s2/in.)
(454 kg) is added.

The number of DOF is m D 8, and the number of FOF is n D 10.
Thus, the number of redundancy is r D 2. At the initial design, all
of the cross-sectionalareas are 20 in.2 (129.03 cm2/, and the initial
mass is 8392.94 lbm (3810.39 kg). Here the force method has been
used for analysis and sequential programming technique (SQP) for
optimization. The implementation of the SQP has been done in
MATLAB®.25

This problem was investigated by Venkayya and Tischler,26 as
well as by Grandhi and Venkayya,27 using the optimality criterion
and displacement method. First, the structure was designed with a
fundamental frequencyof 14 Hz alone, using both the displacement
and forcemethods.A minimumweight of 5810.24lbm (2637.85kg)
was obtained, and the � rst natural frequency in the optimum design
was found to be exactly 14 Hz. The number of iterations required
using the force method (FM) was lower than that required by the
displacementmethod (DM). It was observed that the computational
time for the FM was about two times less than that of DM. The � nal
results for the cross-sectionalareas and fundamental frequency are
tabulated in Tables 2 and 3, respectively. Venkayya and Tischler26

have reported a minimum mass of 6665.577 lbm (3026.17 kg). The
optimum design in Ref. 26 was taken as input to compute the speci-
� ednaturalfrequency.A fundamentalnaturalfrequencyof 14.47Hz
was obtained in the present analysis.Another simulationcarried out
using the solution reportedin Ref. 26 as the initial design resultedin
a � nal design, which again converged to a lighter solution 5810.24
lbm (2637.85 kg) obtained earlier.

To demonstrate the applicationof the formulationfor designinga
structure with other speci� ed natural frequencies, the structure was
designedfor a secondnatural frequencyof 25 Hz. A minimum mass
of 1920.52 lbm (871.92 kg) was obtained, and the second natural
frequency in optimum design was found to be exactly 25 Hz. The
computationaltime using the FM was about two times less than that
of the DM. Grandhi and Venkayya27 reported a minimum mass of
2243.8 lbm (1018.69 kg). Here, the optimum design in Ref. 27 was
used as input to compute the second natural frequency, resulting in
a solution of 25.37 Hz for the second natural frequency. The � nal
results for the cross-sectional areas in square centimeters and the
fundamental frequency in hertz are given in Tables 2 and 3, along
with the number of active constraints (AC).
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Table 3 Final design of natural frequencies in different frequency constraints

DM, Hz FM, Hz

!1 D 7 !1 D 7
Frequency Initial !2 ¸ 15 !2 ¸ 15
number design, Hz !1 D 14 !2 D 25 !3 ¸ 20 !1 D 14 !2 D 25 !3 ¸ 20

1 11.23 14.00 8.01 7.00 14.00 8.01 7.00
2 33.05 18.01 25.00 17.62 18.01 25.00 17.62
3 36.85 29.40 25.00 20.00 29.40 25.00 20.00
4 68.26 34.55 26.68 20.00 34.55 26.68 20.00
5 75.86 49.36 32.83 28.20 49.36 32.83 28.21
6 85.18 53.11 40.92 31.07 53.11 40.94 31.07
7 85.74 85.10 62.52 47.68 85.10 62.52 47.68
8 103.10 90.41 64.79 52.35 90.41 64.78 52.35

Table 4 Final design of natural frequencies in different frequency constraints
for the member frame structure

DM, rad/s FM, rad/s

Frequency Initial !1 D 78:5, !1 D 78:5,
number design, rad/s !1 D 78:5 !2 ¸ 180 !1 D 4 !2 ¸ 180

1 69.044 78.500 78.500 78.500 78.500
2 286.840 146.670 2220.806 146.668 180.000
3 380.324 268.399 436.420 268.350 371.289
4 476.168 350.723 486.975 350.667 418.804
5 499.720 465.900 540.125 465.780 485.897

Fig. 2 Six-member frame structure.

Finally, the structure was designed under multiple natural fre-
quencyconstraintsgivenby !1 D 7 Hz, !2 ¸ 15 Hz, and!3 ¸ 20 Hz.
A minimum mass of 1182.85 lbm (537.01 kg) was obtained. On
closer inspection,the results reveal that the optimum cross-sectional
areas for elements9 and 10 obtainedusing the FM are differentfrom
those using the DM. Note that the optimum masses for both the FM
and DM are exactly the same and so are the � nal natural frequencies.
It is inferredthat,becausetheoptimizeris verysensitiveto theoutput
results from the FM and the DM, a small difference causes the opti-
mizer to select a differentpath. Again computationaltime using the
FM is two times less than that of the DM. Grandhi and Venkayya27

have reported a minimum weight of 1308.4 lbm (594.01 kg). The
� nal cross-sectional areas and natural frequencies are given in the
Tables 2 and 3.

B. Six-Member Frame
The six-member frame is shown in Fig. 2. This problem has been

studied by Khan and Willmert28 and MacGee and Phan29 using the
optimality criterion method as an optimizer and the � nite element

based on the displacementmethod as an analyzer. A uniformly dis-
tributed nonstructural mass of 10 lbm/in. (1.79 kg/cm) was added
on the horizontal members of the frame. The density and Young’s
modulus are 0.28 lbm/in.3 (7.76£ 10¡3 kg/cm3/ and 30,000,000psi
(20.67Pa), respectively.Each member is a WF steel section,accord-
ing to the American Institute of Steel Constructions (AISC) code.
The moment of inertia I is empirically related to area A by the
following expressions:

I D 4:6248A2; 0 · A · 44

I D 256A ¡ 2300; 44 < A · 88:2813

where A has a dimension in square inches. A minimum constraint
on the design variables (cross-sectional area of the members) was
speci� ed at 7.9187 in.2 (51.09 cm2/, and a maximum was set at
88.28 in.2 (569.55 cm2/. At the initial design stage, all of the cross-
sectionalareas are equal to 30 in.2 (193.55cm2/ with an initial mass
of 11,088 lbm (5033.95 kg)

First, the structure was designed for a fundamental natural fre-
quencyof 78.5 rad/s. A minimummass of 9410.39lbm (4272.32kg)
was obtained using both the FM and the DM. Note that the � nal de-
sign variables (cross-sectionalareas) are different between the DM
and FM solutions,which points out that the optimum solution is not
unique.However, the � nal naturalfrequenciesare the same.The rea-
son for this difference between the optimum results using the DM
and the FM is that the � nal designdependson the path takenover the
process of optimization. Depending on the problem, the optimizer
may be very sensitive to the output results from the analyzer so that
even a slight difference may cause a difference path. Note that al-
though the optimum results obtained through the FM and DM are
different, they resulted to the same optimum mass and the same � -
nal natural frequencies.Therefore,both are optimum solutions.The
number of iterations and CPU time in the DM are slightly greater
than those of the FM. The results are given in the Tables 4 and 5. In
Refs. 28 and 29 minimum weights of 9561 lbm (4340.69 kg) and
9815 lbm (4456.01 kg) are reported, respectively. To check for the
possibility that the optimality criterion employed produced a local
minimum, another run was performed that started with the solution
from Refs. 28 and 29. This run resulted in a design change and con-
verged to the lighter solutionof 9410.39 lbm (4272.32 kg) obtained
earlier.
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Fig. 3 Steel 25-bar space truss structure.

Table 5 Final design for the cross-sectional areas (mm2 )
for different frequency constraints (rad/s) for the six-member

frame structure

DM FM

!1 D 78:5 !1 D 78:5
Element !1 D 78:5 !2 ¸ 180 !1 D 78:5 !2 ¸ 180

1 21,586.67 12,055.59 5,108.83 20,628.93
2 5,108.83 14,180.17 21,555.12 6,274.57
3 5,108.83 28,387.04 36,598.18 13,876.68
4 36,720.31 22,776.08 5,108.83 29,787.55
5 5,108.83 5,108.83 5,108.83 5,108.83
6 25,308.72 22,854.92 25,379.88 25,636.08
Mass, kg 4,272.32 4,418.46 4,272.31 4,365.56
No. of iterations 320 726 258 246
No. of AC 4 2 4 3
CPU time, s 15.31 34.29 11.76 11.21

The structure was again designed using multiple natural fre-
quencies of !1 D 78.5 and !2 ¸ 180. Surprisingly, optimum mass
of 9615.78 lbm (4365.56 kg) using the FM and 9732.3 lbm
(4418.46 kg) using the DM was obtained. As explainedbefore, this
speci� c problem is path dependent and slight differences in output
results from analyzers (FM and DM) may cause different optimum
solution. Investigatingthe � nal natural frequencies for DM and FM
reveals that in FM the inequality constraint is active in the optimum
solution,but this is not the case for DM, and that is the reasonfor the
lighter mass obtained using FM. For this case, note that the number
of iteration and CPU time in FM is lower than that of DM.

C. Twenty-� ve-Bar Space Structure
The weight of 25-bar space truss shown in Fig. 3 is min-

imized under displacement constraints. This problem has been

Table 6 Nodal load components
for 25-bar space truss structure

Coordinate directions

Node X , N Y , N Z , N

1 80,000 120,000 30,000
2 60,000 100,000 30,000
3 30,000 0 0
6 30,000 0 0

investigated by Saka30 using the DM and optimality criterion
approach.

The material is steel with E D 207 kN/mm2 and ½ D 7830 kg/m3.
The structure has identical symmetries about the X–Z and Y –Z
planes, and so design variable linking is used to impose symme-
try on the structure. Thus, only eight design variables are required.
The structure is subjected to one load case, shown in Table 6. The
tension allowable stress for all elements is ¾at D 240 N/mm2; how-
ever, allowable compressionstress is obtainedaccordingto AISC,31

which is as follows. For SR > Cc , ¾ac D ¼ 2 E=S2
R , and for SR < Cc ,

¾ac D ¾at.1 ¡ 0:5S2
R=C2

c /. SR is the slender ratio of each member
(SR D L=RG , where L is the length and RG is the radius of gyration
for each member) and Cc D

p
.2¼ 2 E=¾at/. Therefore, the allowable

compression stress varies during the optimization process. Stress
constraints have been imposed on all elements. Displacement con-
straints of §10 mm are imposed on nodes 1 and 2 in the X and Y
directions.The minimum area for all elements was set at 200 mm2.
The members have pipe-type sections with SR D a Ab , where a and
b are 0.4993 and 0.6777, respectively. A is the area in square cen-
timeters. The number of DOF is m D 18, and the number of FOF
is n D 25. Therefore, the number of redundancy is r D 7. Without
linking the design variables, the number of design variables is 25,
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Table 7 Final design of cross-sectional areas for
25-bar space structure

Design variable Member DM FM

1, mm2 1 232.7 232.7
2, mm2 2–5 1150.6 1150.6
3, mm2 6–9 895.1 895.1
4, mm2 10, 11 230.4 230.4
5, mm2 12, 13 223.3 223.3
6, mm2 14–17 1018.4 1018.4
7, mm2 18–21 950.2 950.2
8, mm2 22–25 1443.5 1443.5
Mass, kg 649.7 649.7
AC 8 8

and the number of the constraints is 56. When the design variables
are linked into 8 groups, the number of design variables becomes 8,
and the number of the constraints reduces to 22.

A minimummassof 649.7kgwas obtainedusingboth theDM and
FM. The � nal results is given in Table 7. The initial cross-sectional
area for all of the elements is 2000 mm2 . The CPU time required
for the FM is signi� cantly lower than the DM (about four times),
which points out the ef� ciency of the FM. The compression stress
constraints in elements 1, 2, 6, 10, 13, 16, 18, and 24 (one member
from each group)are active.The problemwas solvedusing different
initial areas for all elements. The results were exactly the same.

A minimum weight of 921 kg was obtained by Saka30 using DM
and optimality criterion approach. He used the optimality criterion
based only on satisfying the displacement constraints. The stress
constraintswere satis� ed through the stress-ratio technique.Fleury
and Schmit32 also solved the problem using the dual methods and
approximation concepts considering DM. This structure was also
analyzedusingthedataprovidedbyFleuryand Schmit, and identical
results were obtained.

V. Conclusions
The FMCE is proposed, and its merits and limitations are com-

pared to the classical FM and the more recent IFM. In the pro-
posed FM, the compatibility conditions are satis� ed through the
complementary energy. Automatic generation of a basis structure
and redundant members using the Gauss elimination technique has
been successfullydemonstratedfor truss- and beam-type structures.
In the IFM, an ef� cient method based on the SVD technique has
been developed to generate the compatibility conditions directly.
The applicationof the FM to structureswith small redundancieshas
proved to be computationally more ef� cient than the DM. Exten-
sion of the FM to dynamics is presented and applied to structural
design optimization problems under displacement–stress and fre-
quency constraints.
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